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Abstract This paper studies a model of energy harvester that consists of an elec-
tromechanical pendulum system subjected to nonlinear springs. The output power
is analyzed in terms of the intrinsic parameters of the device leading to optimal
parameters for energy harvesting. It is found that in an appropriate range of the
springs constant, the power attains higher values as compared to the case without
springs. The dynamical behavior of the device shows transition to chaos.
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At the end of the last century, various investigations in the search for suitable, alternative and
renewable energies have been carried out by both industries and research institutes.1–6 These
sources of energy are clean and have theoretically inﬁnite lifetime. Among these alternative
sources, environmental vibrations are particularly attractive because of their abundance at low
frequencies (1–100 Hz).7–9 These vibrations can be converted to electrical energy using scaveng-
ing techniques like piezoelectric10–13 and electromagnetic14–18 transductions. Energy harvesting
has emerged as a solution for powering autonomous sensor nodes. In wireless sensor applications
where classical electrical energy sources are not practical or available, energy harvesting devices
that convert kinetic energy into electrical energy have attracted much interest. Amongst them, the
simple type uses environmental vibrations to excite an inertial generator that contains a moving
proof mass. Most studies are carried out on the inertial generator which operates either in the
linear regime or when the nonlinearities of the system are sufﬁciently engaged according to the
fact that nonlinear phenomena are exploited to improve the effectiveness of energy harvesting
devices.19
The use of pendulum vibrations to harvest energy has been considered recently.20–22 The aim
of this paper is to propose a new pendulum type energy harvester which can work under both
small and large amplitude values of the environmental vibrations. Particular attention is paid to
the effects of additional springs added to the system. The studied device can be used to harvest
energy from wind ﬂuctuations (natural or artiﬁcial such as that from rotative fans). However, by
reducing the size of the device, other types of environment can be considered. In our medium size
case, pendulum energy harvesters can be welcome for applications at scale over the micro-level.
In this work, the investigation considers the inﬂuence of the intrinsic parameters of the device on
a)Corresponding author. Email: pwoafo1@yahoo.fr.
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the energy characteristics in order to improve its efﬁciency. The control parameters in question
are the frequency and amplitude of the external excitation, the load resistance, the number of coil
turns, the magnetic induction, the rod length and the spring stiffness constant.
The device shown in Fig. 1 is an electromechanical pendulum which has two parts: a rotor
and a stator. The rotor consists of a mobile rod (mechanical pendulum) on which rectangular coil
is placed around its ﬁxed end. Then, a proof mass or plate is attached at its free end in order to
increase the sensitivity of the device to environmental excitations. The stator is constituted of two
permanent magnets which produce a constant magnetic induction. Since the rectangular coil is
movable between the permanent magnets, the motion of the pendulum due the external excitation
is converted into electrical energy which can be used to power a resistor load. Two springs are
ﬁxed on the rod bearing the proof mass. While the unidirectional and horizontal external excitation
which can be a wind or the motion of a given ﬂuid is applied, the pendulum oscillates from left
to right size around the vertical position with an angle θ (see Fig. 1). They induce good stability
of the device and the expression of their stiffness is given by k = k0 + k1z2, where k0 and k1 are
constants and z is the horizontal displacement of the rod.
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Fig. 1. Schematic diagram of the pendulum energy harvester model.
The parameters values (and their units) of the device are listed in Table 1.
The expression of the coil inductance and coil resistance are respectively
L0 = μ0μrn2
√
a2+b2/π, (1)
and
Ri = 2ρ(a+b)n/Sc, (2)
where μ0 = 4π× 10−7 H/m is the air permeability. See Table 1 for the deﬁnition of parameters
in Eqs. (1) and (2). The expression of the induced electromotive force taking into account the
ﬂux linkage between the rotational displacement θ of the coil and the magnetic induction B is
e(t) = 0.5nBb2 dθ/dt. Applying the voltage Kirchhoff’s law on the electric equivalent of the
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Table 1. Parameters values of the pendulum energy harvester model.
Parameter Value
Proof mass (ﬂat disc )
Mass m1/kg 0.5
Radius r1/m 0.2
Rectangular coil
Thickness a/m 0.05
Height b/m 0.2
Iron core relative permeability μr 10 000
Copper resistivity ρ/(Ω·m) 16×10−9
Copper density ρm/(kg·m−3) 8 920
Copper wire section Sc/m2 2.826×10−7
Number of coil turns n Variable
Magnetic induction intensity B/T Variable
Rod
Viscous friction coefﬁcient β /(N·s·m−1) 0.1
Mass M/kg 0.4
Length /m Variable
Spring coeﬁcient k0, k1/(N·m−1) Variable
device, one obtains
L0 di/dt+(Ri+RL)i = e(t). (3)
where RL is the load resistance. For the mechanical part, the horizontal displacement applied on
the spring during the rod oscillations is expressed as z = 0.5l sinθ .
Using Newton’s second law of dynamics for rotational motion, and taking into account the
Laplace force, the equation of the mechanical part is23,24
J
d2θ
dt2
+mΔg
l
2
sinθ +(k0+ k1z2)
l
2
zcosθ +
β l
2
dθ
dt
+
nBb2
2
i = F0l cos(Ω t)cosθ , (4)
where J = M2/3+m1(0.5r21 + 
2)+2ρm(a+b)nScb2/3 is the total moment of inertia and mΔ =
M+2m1+2gScnρmb/ the total mass of the mechanical structure. Ω and F0 are respectively the
frequency and amplitude of the environmental vibrations.
Let us use the coefﬁcients and rescalings (·) = d/dτ , (··) = d2/dτ2, R = Ri+RL, ω0 = R/L,
x = i/i0, y = θ/θ0, τ = ω0t, ω = Ω/ω0, γe = nBb2θ0/(2L0i0), f0 = F0l/(Jθ0ω20 ), ω21 =
mΔgl/(2Jθ0ω20 ), γm = nBb2θ0/(2Jθ0ω20 ), λ1 = k0l2/(4Jθ0ω20 ), λ2 = k1l2/(4Jθ0ω20 ), where
θ0 = 3.14 rad is the angular displacement and i0 a normalization current. The set of Eqs. (3)
and (4) takes the following dimensionless form
x˙+ x = γey˙, (5a)
y¨+λ y˙+ω21 sin(θ0y)+λ1 sin(θ0y)cos(θ0y)+λ2 sin3(θ0y)cos(θ0y)+ γmx =
f0 cos(ωτ)cos(θ0y). (5b)
When the device is submitted to small amplitude environmental mechanical excitation, y is
small and sin(θ0y) ≈ θ0y, cos(θ0y) ≈ 1 and y3 ≈ 0. One can therefore apply the linear approxi-
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mation to Eq. (5b) and then use the harmonic balance method by writing x= A2 cos(ωτ +ϕ1) and
y = B2 cos(ωτ +ϕ2) to obtain
(1+ω2)A22 = γ2e ω2B22, (6a)
9λ 22 B62/16+1.5λ2{[(λ1+ω21 −ω2)(1+ω2)+ γeγmω2]/(1+ω2)}B42+FB22 = f 20 , (6b)
where F = {[(λ1 + ω21 − ω2)(1+ ω2) + γeγmω2]/(1+ ω2)}2 + {[λω(1+ ω2) + γeγmω]/(1+
ω2)}2. The frequency-responses of the current and angular displacement (calculated from Eq. (6)
and numerical simulation of the differential Eq. (5) are plotted in Fig. 2 in the absence of springs
and Fig. 3 in the presence of springs for F0 = 0.18 N, k0 = 0.25 N/m and k1 = 0. It appears that
the resonance of the maximal electrical current and that of the angular displacement of the pen-
dulum is lower in the case of device with springs. One also observes an increase of values at the
resonance.
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Fig. 2. Maximal values of the (a) current and (b) angular displacement as functions of the frequency of the
external excitation with the parameters of Table 1. n = 50, B = 1 T,  = 1 m, RL = 5 Ω, and F0 = 0.18 N.
The curve with crosses represents the results from the numerical simulation of the differential Eq. (5) while
the solid lines correspond to the values obtained from the amplitudes expressions (6).
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Fig. 3. Frequency-responses of the (a) current and (b) angular displacement with the parameters of Fig. 2,
F0 = 0.18 N and spring constant k0 = 0.25 N/m and k1 = 0 N/m (the crosses for the results from the numer-
ical simulation of the differential Eq. (5) and the lines for the analytical expressions (6)).
The electric power in the load is given by the expression Pa = [RL/(2Ri)]p0A22, where p0 =Rii
2
0
is the reference electrical power. Figure 4(a) shows the effects of the springs stiffness constant
on the electrical power delivered in the load with k1 = 0. As k0 increases, the power delivered
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in the load increases until it reaches a maximum. Then it decreases as k0 increases further. The
electromotive force decreases as k0 increases (see Fig. 4(b)). Moreover, Fig. 4(c) shows the effects
of the spring nonlinear coefﬁcient k1 on the electrical power. As for k0, it is seen that the power
increases with k1 till a peak before a decrease.
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Fig. 4. Variation of the power delivered to the (a) load, the (b) induced electromotive force as function of
the spring constant k0 and (c) spring constant k1 with the parameters of Fig. 3.
Figure 5 shows the effects of the intrinsic parameters of the energy harvester system on the
electrical power. When the control parameter increases, the electrical power increases too until it
reaches a maximum value and begins to decrease as the control parameter increases further. Fig-
ures 5(b) and 5(d) also show the jump or hysteresis phenomena with different routes of amplitude
variation at the vicinity of resonance (the arrows indicate the variation direction of the control
parameters). From Fig. 5, one can delineate the ranges for optimal parameters leading to maximal
harvested power.
To end the study, we have analyzed the dynamics of the electromechanical system using the
bifurcation diagram and Lyapunov exponents plots. The Lyapunov exponent is deﬁned as λLya =
lim
t→∞(ln(δ (t))/t) with δ (t) =
√
δx2+δy2+δ z2 where δx, δy, and δ z are the variations of x, y,
and dy/dt respectively. They are described by the variational equations obtained from Eq. (5).
Figure 6 shows the bifurcation diagram and the corresponding Lyapunov exponents as the
amplitude of the excitation changes. Transitions from period-1 or period-n (n being an integer)
oscillations to chaos are observed when f0 varies.
This paper has dealt with the analysis of an energy harvesting device consisting of an elec-
tromechanical pendulum subjected to environmental vibrations stabilized by two springs. The
analysis has considered the variation of the energy characteristics in the linear and nonlinear
regimes when some control parameters of the device vary. This has shown that there is an appro-
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Fig. 5. Average power in the load as a function of (a) RL/Ri, (b) number n of the coil turns, (c) magnetic
induction B, (d) rod length with the parameters of Fig. 2, and Ω = 3.34 rad/s.
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Fig. 6. (a) Bifurcation diagram and (b) the corresponding Lyapunov exponent against the amplitude of
excitation f0 using the parameters of Table 1. β = 0.1, k0 = 0.5 N/m, and k1 = 0.1 N/m2.
priate range of each parameter for more efﬁcient power generation. The inclusion of two springs
ﬁxed on the pendulum arm has shown that the maximal values of the power attains high values
for appropriate ranges of the spring constants. The energy harvesting device has also shown the
transition from periodic to chaotic states.
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